A Beauville group acts freely on the product of two compact Riemann surfaces and faithfully on each one of them. In this paper, we consider higher products and present generalised Beauville groups: for d ≥ 2, d is the minimal value for which the same action can be defined on the product of d compact Riemann surfaces.
1 Introduction Definition 1. Let C 1 , C 2 be two compact Riemann surfaces (i.e., algebraic curves), each of genus g ≥ 2. Let G be a finite group. Consider the 2-dimensional variety over the field C given by the quotient B = (C 1 × C 2 )/G. We call B a Beauville surface of unmixed type if the action of G:
1. is free on C 1 × C 2 , that is, without fixed points; 2. is faithful on each C i (for i = 1, 2) as its group of automorphisms.
Notice that an automorphism of G may give rise to non-isomorphic Beauville surfaces (see [14] ).
Beauville's original construction (see [6, Exercise X.13 (4)]) was first generalised and studied by Catanese in [7] (we will not consider Beauville surfaces of mixed type, where some elements of G transpose the two curves C i ). In the above definition, condition 1. is sometimes referred to as B being isogenous to a higher product, whereas condition 2. is often expressed in terms of triangle curves (C i /G is isomorphic to the projective line P 1 (C) and the covering C i → C i /G is ramified over {0, 1, ∞}, see [16, p. 226] ). In [8, Theorem 3.3] , Catanese also proved that Beauville surfaces are rigid, i.e., they do not admit any nontrivial deformation; if we let G 0 ⊂ G be the subgroup of G of index ≤ 2 which does not exchange C 1 and C 2 , then rigidity is equivalent to G 0 satisfying condition 2. In particular, if we have two complex surfaces B and B ′ , where B is a Beauville surface and χ(B ′ ) = χ(B) and π 1 B ′ ∼ = π 1 B, then B and B ′ are diffeomorphic, that is, isomorphic as differentiable real manifolds. By [3, 12, 13] , it follows that B ′ is biholomorphic to B or its complex conjugate surfaceB, obtained by applying complex conjugation to the coefficients of the polynomials defining B. Notice that for complex algebraic curves it is exactly the opposite: for each g > 0 there are uncountably many isomorphism classes of Riemann surfaces of genus g, all mutually homeomorphic, and hence with the same Euler characteristic χ = 2 − 2g, and with isomorphic fundamental groups.
Definition 2. Let G be a finite group. For x, y ∈ G, let
That is, Σ is the union of the conjugates of the cyclic subgroups generated by x, y, xy, respectively. A set of elements {x 1 , y 1 , x 2 , y 2 } ⊂ G is an unmixed Beauville structure of G if and only if x 1 , y 1 = x 2 , y 2 = G and
For i = 1, 2, if x i , y i determine a Beauville structure of G, then we call G a Beauville group.
Observe that since Σ(x i , y i ) is the set of elements of G with fixed points in C i (for i = 1, 2), the existence of a Beauville structure implies that the action of G is free on C 1 × C 2 . Traditionally, authors have added a third element z i = (x i y i )
to every pair x i , y i in the above formulation to explicitly reflect condition 2 in Definition 1 and the consequent rigidity of the corresponding Beauville surface: indeed, x i , y i , z i represent the local monodromy permutations for the covering C i → P 1 (C) over {0, 1, ∞} (F = x, y, z : xyz = 1 is the fundamental group of the projective line minus three points). Beauville structures are determined by taking a 2-generated finite group and checking for trivial intersections of any two sets Σ obtained from pairs of generators. Hence, a natural question is to ask whether we can have 2-generated finite groups for which there are no Beauville structures, but trivial intersections of more than two sets Σ can still be found. Before any attempt to answer that, we need to introduce some auxiliary new concepts.
Definition 3. Let G be a finite group. The minimum number d of sets Σ(x i , y i ) of G (i = 1, . . . , d and G = x i , y i ) whose intersection is trivial is called the Beauville dimension of G. If there exists at least one non-identity element of G which is contained in every set Σ, then d = 1.
It could be argued that in the last case d should be left undefined. However, in order to determine the Beauville dimension of a generalised Beauville group, we typically go through a series of consecutive natural numbers until the actual value is reached, and thus starting from (or ending at) 1 seemed to be the obvious choice. Definition 4. Let G be a finite group with Beauville dimension d ≥ 2. Then, G is a generalised Beauville group. The corresponding generalised Beauville structures are obtained by considering the d generating pairs of elements. Similarly, the resulting generalised Beauville varieties are just the quotients of the products of d algebraic curves by G; they are rigid for the same reasons given for Beauville surfaces.
As it can be easily checked, G is not a Beauville group since any two of A, B, C have corresponding sets Σ with non-trivial intersections. However,
. This is the first known example of a generalised Beauville group with Beauville dimension equal to 3. Among all groups of order 243, the same value works for H = SmallGroup(243, 13). Thus, G and H are the smallest groups with d = 3.
We conclude this section by pointing out a key difference between Beauville groups and generalised Beauville groups with d > 2. By Definition 2, we know that finding a Beauville structure for a group G is sufficient to establish that G is a Beauville group. Nevertheless, a further distinction needs to be made for generalised Beauville structures obtained from more than 2 pairs of generators.
Definition 5. Let G be a finite group. For n > 2, let S = {Σ 1 , . . . , Σ n } be a generalised Beauville structure for G.
is also a generalised Beauville structure for G, then S is a derived structure.
is also a generalised Beauville structure for G, then S is a non-derived structure. c) If S is non-derived and there is no smaller generalised Beauville structure for G, then S is a minimal structure.
Therefore, by Definition 3, only minimal structures determine the Beauville dimension of a group.
Surveys discussing related geometric and topological matters are given by Bauer, Catanese and Pignatelli in [4, 5] . Other notable works in the area include [2, 9, 15, 18, 20] .
Section 2 contains our results and a complete classification of abelian finite groups with respect to their Beauville dimension. Tables displaying all generalised Beauville groups of orders from 1 to 1023 can be found in Section 3. Open problems and further lines of research conclude our study.
Results
In this section, we prove a number of fundamental results which provide the necessary means to start classifying generalised Beauville groups and to construct further examples whose orders are way beyond our computational constraints.
Theorem 2.1. Let G and H be finite groups such that gcd(|G|, |H|) = 1. For n > 2, let d(G) = n, and let H be a Beauville group, that is, d(H) = 2. Then, the direct product
Proof. First of all, the fact that gcd(|G|, |H|) = 1 guarantees that P too can be 2-generated.
Since d(G) = n, without loss of generality, we can find generating pairs
Beauville group, we can find generating pairs
In particular, without loss of generality, consider Σ(p 1 , q 1 ), which contains Σ(x 1 , y 1 ) and Σ(u 1 , v 1 ), and Σ(p 2 , q 2 ), which contains Σ(x 2 , y 2 ) and Σ(u 2 , v 2 ). Clearly, the elements belonging to their intersection are of the form (g, h), or (g, e), or (e, h) for any g ∈ Σ(
However, H is a Beauville group, and so (e, h) = (e, e) and (g, h) = (g, e). Thus,
. That is, non-empty intersections of sets Σ in G map to isomorphic non-empty intersections of sets Σ in P , which also ensures that we cannot have any values of d(P ) smaller than n. Therefore, d(P ) = n. Example 2.2. Looking at the table in Section 3, we can easily spot SmallGroup(225, 6) being the direct product of SmallGroup(9, 2) and SmallGroup(25, 2), or SmallGroup(675, 14) being the direct product of SmallGroup(25, 2) and SmallGroup(27, 3). Moreover, by [11] , the Suzuki group Sz(q) (where q is an odd power of 2) is a Beauville group. Hence, if we set H = Sz(q) in Theorem 2.1 and take the direct product between H and SmallGroup(243, 4), or SmallGroup(9, 2), then we obtain an infinite source of non-soluble generalised Beauville groups with d = 3, or d = 4, respectively.
We now consider lifts of generalised Beauville structures by extending a result proved in [11, Lemma 4.2] . Definition 6. Let G be a group and N a normal subgroup of G. An element g ∈ G is faithfully represented in G/N if g ∩ N = 1, or, equivalently, if g has the same order in G as its image in G/N. Accordingly, a triple in G is faithfully represented in G/N if each of its elements is faithfully represented in G/N. Lemma 2.3. Let G be a finite group with generating triples (x i , y i , z i ) with x i y i z i = 1 for 1 ≤ i ≤ n, and a normal subgroup N such that at least one of these triples is faithfully represented in G/N. If the images of these triples correspond to a generalised Beauville structure for G/N, then these triples correspond to a generalised Beauville structure for G.
Proof. Assume, without loss of generality, that the triple (x 1 , y 1 , z 1 ) is faithfully represented in G/N and that x j 1 is conjugate in G to a power of x i , y i , or z i , for every i. Since the quotient map is a homomorphism, the image of x j 1 in G/N is conjugate in G/N to a power of the image of x i , y i , or z i , for every i. Now, G/N is a generalised Beauville group, so this image can only be the identity (which is only conjugate to itself, so also the image of x j 1 is the identity). Hence, x 
Proof. If n = 2, then, by Definition 2, d(G) = 2, and so G is a Beauville group. Otherwise, if n > 2, then we have to consider the three cases described in Definition 5. If S is minimal, then d(G) = n, whereas if S is either a derived or a non-derived structure, then 2 ≤ d(G) ≤ n. Thus, combining these observations, we get that
Corollary 2.5. Let G be a finite group which satisfies the conditions of Lemma 2.3. Then,
Example 2.6. If we remove the relation (yx) 3 x 3 y 3 from the presentation of SmallGroup(243, 4) given in Example 1.3, we obtain SmallGroup(729, 9). Since any minimal structure for the first group can be lifted to a minimal structure for the second one, both groups have the same Beauville dimension d = 3.
Example 2.7. Consider the groups G = SmallGroup(729, 34) and H = SmallGroup(81, 9), with the following presentations:
Observe that H = G/N, where N ∼ = C 3 × C 3 is the normal subgroup of G generated by (yx)
2
. The quotient map f : G → H sends x to w and x 2 y to v. As it can be easily verified, the orders of x, x 2 y, y 2 in G are the same as the orders of w, v, (wv)
in H: 3, 9, 3, respectively. Hence, the triple T = {x, x 2 y, y 2 } is faithfully represented in H by the triple T ′ = {w, v, (wv) −1 }. Moreover, there exists at least one generalised Beauville structure S for H which has T ′ as one of its four generating sets: Theorem 2.8. Let G be a finite abelian group. Then, G is a Beauville group if and only if G ∼ = C n × C n where n > 1 and gcd(n, 6) = 1.
The crucial part is then to show that for a finite abelian generalised Beauville group G d(G) ∈ {2, 4}.
Theorem 2.9. Let H be a finite abelian group with d(H) > 2. Then, d(H) = 4 and H = C n × C n × G, where n is a power of 3 and G is either the trivial group, or an abelian Beauville group.
If H ≇ C n × C n , then, by Theorem 2.8, H cannot be a Beauville group. The result is proved in [16, Theorem 11.1] by showing that the intersection of all possible sets Σ is non-trivial, which implies that H is not a generalised Beauville group either. So, let H ∼ = C n × C n . If n is even, then it is not difficult to verify that d(H) = 1. Hence, by this observation and Theorem 2.8, we may assume that n is an odd multiple of 3. If n = 3 k , then H has exactly 8 elements of order 3 and precisely 6 of them are contained in each set Σ (C 3 k has 2 elements of order 3, namely g ); accordingly, given that 4 is the smallest number of sets Σ we need to have a trivial intersection, d(H) = 4 (see Example 1.2). Otherwise, n = 3 k r for some r with gcd(r, 6) = 1. Thus, H = C 3 k × C 3 k × G, where G is an abelian Beauville group of order r 2 (i.e., C r × C r ). By Theorem 2.1, d(H) = 4. This completes the proof.
From Theorem 2.8 and the previous result, a complete classification of finite abelian groups with respect to their Beauville dimension easily follows.
Corollary 2.10. Let G be a finite abelian group. Then, d(G) ∈ {1, 2, 4}. In particular, -if d(G) = 1, then G is not a generalised Beauville group; -if d(G) = 2, then G is a Beauville group; -if d(G) = 4, then G is a generalised Beauville group of the form C n × C n × H, where n is a power of 3 and H is either the trivial group or an abelian Beauville group. From the computational results given in the next section, we were also able to find a number of non-abelian infinite families of generalised Beauville groups. The following is a typical example.
Theorem 2.11. Let G be a finite group with structure C 3 × (C p : C 3 ), where p is a prime and p ≡ 1 (mod 3). Then, d(G) = 4.
Proof. The group G contains exactly p − 1 elements of order p, 2(p − 1) elements of order 3p, and 2(3p + 1) elements of order 3. There are in total p + 8 conjugacy classes: 1 for the identity element, 1 for z ∈ G such that Z(G) = z , 1 for z 2 , 6 each containing p non-central elements of order 3, (p − 1)/3 with 3 elements of order p each, and 2(p − 1)/3 each with 3 elements of order 3p. We now show that G can only have precisely 4 sets Σ:
1. Σ 1 contains all the elements of orders p and 3p, and 2(2p + 1) elements of order 3; 2. Σ 2 contains all the elements of orders p and 3p, and 2(2p + 1) elements of order 3; 3. Σ 3 contains all the elements of orders p and 3p, and 2(2p + 1) elements of order 3; 4. Σ 4 contains 6p elements of order 3.
Looking at all pairs of generators g 1 , g 2 for G, there are only two possible combinations: a) g 1 , g 2 have both order 3 and do not belong to Z(G), in which case Σ(g 1 , g 2 ) contains 6 conjugacy classes of elements of order 3 (6p elements), but no element from Z(G), and hence Σ(g 1 , g 2 ) = Σ 4 ; b) without loss of generality, g 1 has order 3 and does not belong to Z(G), while g 2 has order 3p, so that Σ(g 1 , g 2 ) contains the 7p − 1 elements given by all the conjugacy classes with elements of order p and 3p, Z(G) (elements of order 3p power up to the centre), and 4 conjugacy classes of generating elements of order 3, and thus there can only be 3 such sets, i.e., Σ(g 1 , g 2 ) ∈ {Σ 1 , Σ 2 , Σ 3 }.
Having only 4 sets Σ, d(G) ≤ 4. Since each set Σ contains at least 4 of the 6 available conjugacy classes of generating elements of order 3 and
Notice that in the above result we need the condition p ≡ 1 (mod 3) as we can find a non-trivial homomorphisms to construct a semidirect product of the form C n : C m if and only if gcd(φ(n), m) > 1. We also want p to be prime, because otherwise, as in the case of C 3 × (C 70 : C 3 ), we might get a group with d = 1. Finally, observe that substituting 3 with any other odd prime, we obtain a Beauville group. With very similar arguments and techniques, it is not too difficult to show that , for k, n ∈ N and primes p 1 , p 2 ≡ 1 (mod 3), groups with structures
Generalised Beauville Groups (orders 1-1023)
Relying on the results from the previous section, those proved in [1, 19] , and our GAP algorithms, we have scanned groups of size between 1 and 1023 (11759892 groups) searching for generalised Beauville groups. Notice that the algorithm used in [1] was specifically designed for Beauville p-groups: it checked only for intersections between any two sets Σ by exploiting the way in which generators of p-groups are stored in GAP; hence, it would have not been able to spot higher values of d or Beauville non-p-groups. The full list we have obtained is presented in the following tables (arranged by the values of d). Given any generalised Beauville group G, the first column displays its coordinates in the Small Groups library (see [10] ), while the second provides its structure as saved in GAP.
Generalised Beauville Groups with
C 21 × C 21 (468, 32)
A 4 × (C 13 : C 3 ) (468, 49) C 3 × ((C 26 × C 2 ) : C 3 ) (504, 158) C 3 × (((C 2 × C 2 × C 2 ) : C 7 ) : C 3 ) (513, 9) (C 57 × C 3 ) : C 3 (549, 3) C 3 × (C 61 : C 3 ) (567, 8) C 9 × (C 7 : C 9 ) (567, 9) (C 7 : C 9 ) : C 9 (567, 10)
C 63 : C 9 (567, 11)
C 63 : C 9 (567, 13) (C 63 × C 3 ) : C 3 (567, 17) (C 3 × (C 7 : C 9 )) : C 3
Conclusion
The groups displayed in the above tables have brought a significant number of patterns to our attention and opened a lot of interesting questions. In particular, there are several problems regarding non-abelian generalised Beauville groups which still need to be solved.
The following list represents an attempt to capture the main ones. Considering most of the examples given in this note, the obvious approach to groups with d > 2 would be to try and prove that they must contain a copy of C 3 ×C 3 , whose structures can either be lifted, or play a nice role as in Theorem 2.11. However, as we can see in one of the tables in Section 3, groups such as SmallGroup(960, 5696) have Beauville dimension d = 3 even though their order is not divisible by 9. Yet, in our computations we could not find any generalised Beauville group with d > 2 whose order is not divisible by 3. Hence, we are still left with the next two problems. 2. automorphisms of generalised Beauville varieties (see [14] );
3. additional properties of generalised Beauville structures such as strongly real (for i = 1, 2, we say that a Beauville group G and its structure X = {x i , y i } are strongly real if there exists an automorphism φ ∈ Aut(G) and elements g i ∈ G such that g i φ(x i )g
and g i φ(y i )g
i ), or mixed (where the curves are transposed by elements of the group and more specific restrictions apply).
